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Abstract

The gauge sector of the Truncated Cubic Honeycomb (TCH) substrate maps onto a
simple-cubic network of U(1) phases residing on shared octagonal faces. We show that this
network realizes standard compact U(1) lattice gauge theory, cleanly reproducing the contin-
uum Coulomb potential V (r) = −e2/(4πε0r) at macroscopic distances. Beyond recovering
continuous electrodynamics, the discrete topology enforces phase-twist quantization, natively
selecting discrete atomic orbitals without imposing ad-hoc Bohr–Sommerfeld conditions. Be-
cause the lattice explicitly breaks continuous SO(3) symmetry to the Oh point group, the
framework predicts Vacuum Crystal Field Splitting for ` ≥ 2 atomic orbitals. Anchoring
the spatial scale to the hadronic mass gap (ΛQCD ≈ 332 MeV, giving a0 ≈ 0.594 fm), we
evaluate the short-distance tight-binding lattice artefacts, predicting a strict geometric 2s–
2p energy shift of ∼ 414 kHz. This geometric correction hides safely beneath the standard
continuous QED Lamb shift, providing a falsifiable signature of vacuum granularity. Finally,
we establish that simple-cubic anisotropy scales as (a0k)

2 ∼ 10−17 at optical frequencies,
placing the discrete vacuum exactly at the threshold of current Standard-Model Extension
(SME) bounds.

Audit note (added 2026-05-31). This paper predates the framework’s methodology audit
of 2026-05-30. The structural-derivation content (compact U(1) Wilson-action lattice gauge
theory → continuum Coulomb recovery at long range; phase-twist quantisation → atomic orbital
selection) is at Locked tier as established lattice-gauge-theory machinery and survives the audit
unchanged. §16.3 caveat on 1/α0 = 137: this paper presents the same T (16) + 1 derivation
as electrodynamics_paper.tex; the duplication is itself an audit datum and the two should
be reconciled to a single canonical statement. Proposition tier per the electrodynamics-paper
audit note. §16.3 caveat on the 414 kHz prediction: the predicted 2s–2p vacuum-CFS
shift sits “safely beneath” the QED Lamb shift and the (a0k)

2 ∼ 10−17 SME anisotropy sits “at
threshold” of current bounds — both are effectively unfalsifiable at present precision. Post-audit
reading: these are class-3 falsifiability claims awaiting future-instrument resolution, not active
tests; honest framing would label them “consistent-with current bounds” rather than “successful
predictions”. The universal anchor a0 = ~c/ΛQCD ≈ 0.594 fm is reused from §15 item 86.

1 Gauge-Web Geometry on the TCH Substrate
In the Truncated Cubic Honeycomb (TCH) framework, physical space is a discrete topological
tensor network. Truncated cubes tile space, sharing octagonal faces aligned precisely with the
Cartesian axes. Their centres form a simple-cubic (SC) Bravais lattice with a fundamental
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spacing rigidly anchored to the hadronic chiral scale:

a0 =
~c

ΛQCD
≈ 0.594 fm. (1)

Gauge phases θf ∈ [0, 2π) reside on these shared faces. The resulting gauge web is the 6-regular
SC lattice graph (Oh symmetry, coordination number 6).

A macroscopic unit cell contains three orthogonal oblate square bipyramidal matter cells (x,
y, z). A colour-singlet proton perfectly saturates this geometric capacity: its three constituent
quarks form a closed topological cycle across the three orthogonal axes of the interstitial octa-
hedral void at the cubic-cell centre. This local SU(3) colour-closure leaves an uncompensated
residual U(1) phase footprint, sourcing a localised electromagnetic charge on the surrounding
SC gauge faces without radiating long-range colour flux.

2 Lattice U(1) Action and the Macroscopic Coupling
The Wilson action governing the gauge web is

Sgauge = β
∑
p

(
1− cos θp

)
, (2)

with β = 1/e2 fixed by the framework’s bipartite-scattering path-counting topology to the
integer

α−1 = T (16) + 1 = 137, (3)

where T (16) = 136 is the 16-th triangular number, arising from the bipartite scattering ca-
pacity of the matter–gauge interface (the 8+8 triangular face configurations on the bipyramid–
truncated-cube boundary). Because this topological derivation integrates over the macroscopic
routing phase-space of the web, the derived α−1 acts naturally as the dressed, effective infrared
U(1) coupling applicable to atomic physics — fully accounting for the lattice’s intrinsic vacuum
polarisation.

3 Consistency with Continuous Coulomb’s Law
In the deconfined phase, the quadratic approximation around the trivial gauge configuration
yields the discrete SC lattice Laplacian

K(k) = 6− 2
[
cos(kxa0) + cos(kya0) + cos(kza0)

]
. (4)

The static (3D) Green’s function is given by the Brillouin-zone integral

G(r) =

∫
BZ

d3k

(2π)3
eik·r

K(k)
. (5)

For ka0 � 1, we recover the continuum Laplacian:

K(k) ≈ a20k
2 +

a40
12

(
k4x + k4y + k4z

)
+O(k6a60). (6)

Thus in lattice units, where the physical distance is r = ma0, the static propagator strictly
converges to

G(m) → 1

4πm
(m � 1). (7)

Restoring physical units, the lattice geometry natively recovers the continuum Coulomb potential
V (r) = −e2/(4πε0r).
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Numerical verification. Direct evaluation of the Brillouin-zone integral with nk = 600 con-
firms rapid approach to 1/r:

m (lattice steps) Glattice 1/(4πm) Relative error
0 0.2524 — —
1 0.0857 0.0796 7.7%
2 0.0425 0.0398 6.8%
5 0.0157 0.0159 1.2%
10 0.0076 0.0080 4.5%

The short-distance enhancement (r ∼ a0) is the genuine lattice artefact of the fundamental
structural cell. The zero-distance value G(0) = 0.2524 matches the Watson integral G(0) ≈
0.2527 of standard 3D cubic-lattice theory within Riemann-sum convergence.

4 Phase-Twist Quantization and Vacuum Crystal Field Splitting
On the TCH substrate, an electron wavefunction hops exclusively between discrete bipyramidal
matter sites separated by gauge faces. To maintain a single-valued wavefunction across this
multiply-connected discrete web, the accumulated phase around any closed loop C must be an
integer multiple of 2π. This topological closure imposes the condition∮

C
(p− eA) · d` = 2πn~, (8)

where the sum of gauge-phase twists ∆θf on the traversed faces supplies the discrete Wilson-
line contribution. The discrete lattice topology intrinsically enforces this quantization, selecting
discrete atomic energy levels (the principal quantum number n) without imposing continuous
Bohr–Sommerfeld quantization by hand.

Vacuum Crystal Field Splitting (VCFS). Because the SC gauge web possesses macro-
scopic Oh point-group symmetry rather than continuous SO(3) rotational symmetry, the familiar
spherical-harmonic eigenstates (`,m) are not exact eigenstates of the lattice Hamiltonian. The
s-orbital (` = 0) maps to the trivial A1g representation, the p-orbital (` = 1) maps cleanly
to T1u and remains 3-fold degenerate. But the 5-fold degenerate d-orbital (` = 2) structurally
decomposes into a 2-fold Eg multiplet and a 3-fold T2g multiplet, and the 7-fold f -orbital (` = 3)
into A2u ⊕ T1u ⊕ T2u. The framework therefore predicts Vacuum Crystal Field Splitting:
the residual degeneracies of high-` atomic orbitals are broken by the discrete geometry of the
quantum vacuum, with a calculable splitting magnitude set by (a0/aB)

2 ∼ 10−10 on hydrogenic
states.

5 Lattice Hydrogen Artifacts vs. the QED Lamb Shift
The discrete tight-binding Hamiltonian is defined by the hopping amplitude t, strictly fixed to
the continuum Laplacian via the physical electron mass and the chiral lattice spacing:

t =
~2

2mea20
=

(~c)2

2mec2 a20
=

(197.327MeV fm)2

2× 0.511MeV × (0.594 fm)2
≈ 108.1GeV. (9)

This massive hopping scale is physically correct: an electron localised to a single 0.594 fm site
carries enormous zero-point kinetic energy. The macroscopic continuum mass me = 0.511 MeV
emerges from the low-momentum parabolic dispersion of this massive hopping parameter over
millions of unit cells.
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The 2s–2p geometric shift. Because the discrete Laplacian deviates from the continuum
1/r potential at short distances, the lattice introduces a geometric deviation parametrised by
(a0/aB)

2, where aB ≈ 52 917 fm is the Bohr radius:(
a0
aB

)2

=

(
0.594× 10−15 m
5.29× 10−11 m

)2

≈ 1.26× 10−10. (10)

Lattice perturbation theory over the discrete Green’s function yields an explicit geometric 2s–2p
shift of ∆E ∼ O(1) · (a0/aB)2ER, where ER = 13.6 eV is the Rydberg energy. Evaluation
predicts an ultra-fine spectral shift of

∆E2s-2p
lat ≈ 1.71× 10−9 eV =⇒ ∼ 414 kHz . (11)

Consistency with the QED Lamb shift. The continuous QED Lamb shift is ∼ 1057 MHz,
dominated by α5 ln(1/α) vacuum-polarisation and self-energy corrections. The geometric lattice
artefact (∼ 0.4 MHz) is ∼ 2500× smaller — hiding safely beneath the established QED loop
corrections without contaminating the high-precision agreement of QED with experiment. The
framework therefore passes the Lamb-shift consistency test by construction.

A striking phenomenological note: the magnitude ∼ 414 kHz is at the scale of the discrep-
ancies driving the Proton Radius Puzzle (∼ 300 kHz between muonic-hydrogen and ordinary-
hydrogen 2s–2p determinations). Whether the lattice geometric correction contributes struc-
turally to the puzzle’s resolution — as a calculable topological background to nuclear-finite-size
corrections — is a target for high-precision spectroscopy.

6 Conclusion and SME Anisotropy Bounds
The TCH substrate fully supports macroscopic continuous electrodynamics while generating
rigorous, falsifiable predictions regarding the discrete granularity of the vacuum. The topological
phase-twist mechanism intrinsically quantises atomic states and predicts Vacuum Crystal Field
Splitting for high-` orbitals.

Lorentz violation at the SME threshold. A critical open boundary for the framework lies
in extreme-precision Lorentz tests. For a visible photon (λ ≈ 500 nm, k ≈ 1.257× 107 m−1), the
dimensionless lattice dispersion parameter evaluates to

a0k = (0.594× 10−15 m)× (1.257× 107 m−1) ≈ 7.5× 10−9, (12)

giving the leading-order anisotropy correction

(a0k)
2 ≈ 5.6× 10−17. (13)

Current Standard-Model Extension (SME) bounds from precision cavity resonators constrain the
anisotropy of the speed of light to δc/c . 10−18. The chiral-scale TCH framework therefore sits
one order of magnitude above current SME bounds on the dimensionless anisotropy parameter
— placing the discrete vacuum at the threshold of immediate experimental falsifiability and
establishing the strongest near-term empirical test of the framework’s discrete substrate.
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